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that exact similarity is only possible between thrusters if wall effects are negligible.
We also define novel approximate similarity laws based on three nondimensional
parameters in addition to geometric similarity that can cover a larger range of
discharge powers and operation on different propellants. The similarity laws for
different propellants suggest that HETs may not need to be redesigned to operate

at similar operating conditions between different propellants. We then develop

a nondimensional framework to analyze existing studies of vacuum facilities that
combines the nondimensional facility parameters with the nondimensional discharge
parameters and defines five new nondimensional facility effect parameters. We use
this framework to reduce the dimensionality of existing data of thrust as a function
of facility background pressure at different discharge conditions. Specifically, at low
background pressures, the normalized thrust as a function of certain nondimensional
facility effects is within measurement uncertainty between discharge conditions that
differ by either anode mass flow rate, discharge voltage, or cathode flow fraction. This
nondimensional framework could be used to design experiments to find a correction
for thrust at a given background pressure that can be applied to a wide range of
discharge conditions.
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Introduction

Hall effect thrusters (HETSs) have significant flight heritage, but the underlying physics
of their operation is poorly understood, such that there is no fully predictive model of
HET performance and lifetime. As a result, HET designs have evolved through decades
of incremental improvement through experiments to achieve their current level of per-
formance. However, this reliance on experiments has led to two active problems in HET
development. First, HETs are most efficient within a specific range of power levels and
on certain propellants, e.g., xenon and krypton, so it is unclear how to best design HETSs
for different power levels and propellants. Second, the vacuum facility background pres-
sure during HET experiments has been shown to affect HET performance [1-6], and the
background pressure is orders of magnitude greater than that in space, so it is unclear
how to relate HET performance on the ground to performance in space.

The conventional wisdom is that in the absence of a fully predictive HET model, prog-
ress on these two fronts must be made incrementally through experiments, which is
very costly. For extending HET design to different power levels, this includes consider-
ing alternative HET designs [7-11] and improving them over time, while for developing
HET designs for different propellants, this may include checking whether small design
changes can improve HET performance on different propellants [12—15]. In addition, for
pressure facility effects, this incremental progress has typically been achieved by sepa-
rately characterizing the dependence of HET performance on the background pressure
for different thrusters and by building newer vacuum chambers with higher pumping
speeds. In addition, vacuum chambers with even higher pumping speeds than the cur-
rent state-of-the-art will be needed to flight qualify high-power (>20kW) HETs.

Alternative approaches that do not rely on a complete understanding of HET phys-
ics are thus necessary to reduce the costs of solving the problems of HET scaling and
pressure facility effects. To that end, this work presents a robust nondimensionalization
of the HET discharge and facility effects. Even in the absence of a fully predictive HET
model, a robust nondimensional framework can capture all the relevant physics of the
HET and facility effects.

There have been several attempts to use nondimensional parameters to derive theo-
retical HET scaling laws [16—-21], and similarity theory has also been developed for other
low-temperature plasma devices [22—24]. Early work by Morozov [16] defined the ratio
of the ionization mean free path to the channel length as a key nondimensional param-
eter and found that thruster efficiency was largely a function of just this one parameter
across HET operation with different propellants. Ref. [16] also identified the ratio of
the ionization energy to the discharge voltage as an important nondimensional param-
eter but acknowledged that more nondimensional parameters influenced the discharge.
Later, Ref. [17] considered the ratio of the electron Larmor radius to the channel length
as a fundamental nondimensional parameter, and Ref. [20] considered the ratio of the
electron cyclotron frequency to the classical electron-neutral collision frequency.

However, given the numerous physical phenomena in a HET, more nondimensional
parameters are required to describe the nondimensional HET discharge accurately. In
particular, given the significance of anomalous electron transport (AET) in the HET dis-
charge and the absence of a closure model for it, an accurate nondimensionalization of
the HET discharge must account for all physical phenomena that could contribute to
AET. In addition, high-power HETs have operated at higher voltages and higher current
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densities than nominal values. As such, it is important to consider as many physical phe-
nomena as is reasonable to evaluate how the relative importance of different phenomena
may change in different regimes of HET operation. In addition to the typical phenomena
considered in the nondimensional parameters of a HET discharge, our nondimensional
approach will also be general enough to account for anomalous electron transport, dou-
bly charged ions, induced magnetic field, and non-equilibrium effects.

After defining an independent set of nondimensional parameters, we will then present
similarity laws for the HET discharge. These similarity laws describe how the discharge
parameters and thruster size must change to have constant nondimensional parameters;
exact similarity would ensure constant efficiencies across the discharge conditions or
HET designs. We differentiate these from scaling laws, as theoretical scaling laws make
some assumptions to describe how HET efficiency is a function of nondimensional
parameters.

Regarding pressure facility effects, the dependence of thrust on the background pres-
sure has received the most attention, but the background pressure is also known to
affect HET stability [5, 6], discharge current [1], and lifetime [25]. Different HETs and
different discharge conditions on the same HET have different pressure dependences on
thrust [1-6, 26, 27], which complicates defining a criterion for an acceptable background
pressure for qualification testing. However, there has been little effort to reconcile the
different pressure dependences on thrust. For this purpose, we will define nondimen-
sional parameters to describe facility effects and present a nondimensional framework
to analyze existing pressure studies. Such a method can be used to experimentally deter-
mine a nondimensional correction to thrust as a function of background pressure that is
applicable to a wide range of discharge conditions.

The paper is organized as follows. Section “Theory” will present the nondimensional
HET parameters, justify the use of these nondimensional parameters by presenting
the nondimensional fluid description of a HET, and define the nondimensional facility
parameters. In Section “Methodology for analyzing pressure studies’, we will describe
the nondimensional framework used to analyze pressure studies, and Section “Simi-
larity of HET discharges” will show similarity laws based on the nondimensional HET
parameters that can be used to scale the HET discharge condition and HET size between
discharge powers and propellants. Lastly, in Section “Nondimensional analysis of exist-
ing pressure studies’, we will apply the nondimensional to existing pressure studies and
discuss the results with regard to experimental design and the possibility of reducing the
dimensionality of HET pressure facility effects.

Theory

Nondimensional HET discharge

The nondimensionalization of the HET discharge is carried out in three steps: First,
determine the set of parameters, i.e., operating condition, that determines the dimen-
sional HET discharge; second, define the reference plasma properties as a function of the
operating condition; third, define an independent set of nondimensional parameters as
a function of the reference plasma properties that satisfies the Buckingham m Theorem.
After these three steps, we then present the nondimensional fluid equations of electrons,
ions, and neutrals to see the qualitative effect of the nondimensional parameters on
the HET discharge dynamics. We choose to follow the above approach, instead of first
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nondimensionalizing the fluid equations and seeing which nondimensional parameters
appear, to account for kinetic and electromagnetic effects that would not be captured
in the typical fluid formulation of a HET discharge. However, it will be shown in section
“Nondimensional fluid equations for HET discharge” that the nondimensionalization
fluid equations in a HET are completely described by the nondimensional parameters
defined in this section. In addition, the nondimensional kinetic equations in a HET
found in Refs. [21] and [28] are also completely defined by the nondimensional param-
eter defined in this section.

We group the parameters that define the dimensional operating condition into the fol-
lowing four groups, shown in Table 1: discharge parameters, channel parameters, cath-
ode parameters, and propellant parameters. Table 1 includes the channel wall potential
for the case of a conducting channel wall where a known bias can be applied. The chan-
nel parameters are those of an annular discharge channel, and if alternative geometries
are used, then additional parameters should be specified. We note that Ry, =0 for a
center-mounted cathode and that csgr depends on the local electron energy distribu-
tion function at the wall, the propellant, and the local reduced electric field at the wall
[29]. Regarding the cathode parameters, we acknowledge the importance of the inter-
nal parameters of the cathode such as the work function of the emitter and the internal
geometry of the cathode. Still, we will exclude these parameters from the main analy-
sis because they are typically not reported alongside HET data. Regarding the propel-
lant parameters, the second ionization energy, excitation energies, and excitation cross
sections are expected to be important but are neglected for the main analysis because
their inclusion in the electron energy equation is a straightforward extension from the
formulation used for the first ionization. Lastly, the universal constants that appear in

Table 1 Dimensional parameters of a HET, grouped into discharge parameters, channel parameters,
cathode parameters, and propellant parameters

Dimensional Parameter  Definition Parame-
ter group
Vg Discharge voltage Discharge
e Anode mass flow rate Discharge
B (r, 2) Magnetic field topology Discharge
Tw Thruster wall temperature Discharge
Dw Thruster body potential Discharge
bw Channel wall potential Discharge
Lep Channel length Channel
Wen Channel width Channel
D.p, Channel mean diameter Channel
OSEE Secondary electron emission coefficient of the channel wall material ~ Channel
e Cathode mass flow rate Cathode
Wip Keeper inner diameter at keeper exit plane Cathode
Ry Radial location of the keeper centerline with respect to thruster Cathode
centerline
mp Propellant mass Propellant
€izl First ionization energy Propellant
oiz1 (E) Electron-impact first ionization cross section function Propellant
ciz2 (E) Electron-impact second ionization cross section function Propellant
Oen (E) Electron-neutral elastic collision cross section function Propellant
ocex (E) Charge exchange cross section function Propellant

Onn Neutral-neutral elastic collision cross section Propellant
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the governing equations of the HET discharge need to be considered among the set of
dimensional variables that govern the HET discharge; these are the electron mass, m.,
the elementary charge, e, the Boltzmann constant, kp, the vacuum permittivity, €y , and
the vacuum permeability, po.

The definition of the reference plasma properties is the most important step for
obtaining accurate relationships between the operating condition and physical phe-
nomena in the HET. We define two reference applied magnetic field strengths, the max-
imum radial magnetic field along the channel centerline, B, and the axial magnetic
field along the channel centerline at the location of B,, B.,¢. The reference electric field
is Ey = V3/Lcp, and we define the reference temperatures for electrons and neutrals

as Ty = ‘1/—8 and T,,0 = Ty, respectively, where T, is in eV. We also define the refer-

ence electron temperature at the channel wall as 7., o0 = T¢o for unshielded HETs and

Tew = 7;900 for magnetically shielded HETs. We then define the reference neutral veloc-

ity, the two reference ion velocities, and the two reference electron velocities as

kT
iy = | 225 M
My
2¢eV,
Ujg = °d (2)
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Fig. 1 Schematic of an annular HET. Geometric parameters Lep, Wen, Den, Wip, and Ry, are shown
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eT,
Uiw0 = = (3)
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e

where u; is the reference axial ion velocity, ;. is the reference Bohm velocity, u.go is
the reference azimuthal electron drift velocity, and ue ;0 is the reference electron ther-
mal velocity. We also define the reference axial electron drift velocity as u..o = ;0. In the
absence of a closure model for anomalous electron transport, we believe that wu,q is the
most representative reference value for the axial electron drift velocity given quasineu-
trality and current conservation in the plume. From the reference velocities, we define

the reference neutral and ion number densities in the channel as

s

Npo =
0 Wcthh \V4 87TmpkBTw (6)

Mg
O AW Deny eV ?
and we define the reference electron density in the channel as n.g = n;o.

Next, we define the reference first ionization rate coefficient as k;,1.0 = (0iz1ve) (Te),
where (0;,1v.) (Teo) represents the product of ;.1 and the electron velocity, averaged
over a Maxwell-Boltzmann electron speed distribution evaluated at an electron tem-
perature of T¢o. The rate coefficients for second ionization and elastic electron neutral
collisions, k;.20 and ke, 0, are defined similarly. We also define the reference charge
exchange rate coefficient as kcpx,0 = O'CEx|ui0 u;0, where O'CEx|uiO is equal to ocpx
evaluated at u;g, and the reference electron-electron Coulomb collision rate coefficient

ed

—5,—3 . Lastly, we consider the reference magnetic field induced by the
€< el

. _ 1
is kee,0 = =

reference Hall current. To first order, we approximate the Hall current as an infinitely
thin current loop with current encouepo L5 Wen and diameter D.p, which creates a ref-
erence induced magnetic field at the thruster centerline of

Mo eneOueGOLBr Wch o ,Umea eVd
- 2
Dch DchBTO 2mp

Arriving at the nondimensional HET parameters, we again separate them into five
groups, namely discharge parameters (A;-Asg), channel parameters (13-73), cath-
ode coupling parameters (C;-C3), propellant parameters (P;-FPs), and electrical con-
figuration parameters (B; and Bs). These parameters are defined in Table 2 and are
expressed in terms of the discharge condition assuming n.o = 10, Uez0 = U0, and
T, = ‘1/—8 For the nondimensional discharge parameters, we preliminarily define them as

ratios of characteristic plasma parameters, where in addition to the ones defined above,
we also define the reference neutral ionization mean free path, \;,g = %, the

reference electron cyclotron frequency, weeo = ©

fl’;o, the reference plasma frequency,
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Table 2 Nondimensional variables of a HET. A1-A7 are defined by ratios of characteristic properties.
A1-Ar are then expressed as a function of the discharge conditions, which requires assumptions to
relate the characteristic properties to the HET discharge condition. As-Bs are defined by the HET
discharge condition

Nondimensional Variable Definition in terms of characteristic Expression
properties in terms of
discharge
condition
Aq Aiz0 WenDep/167k g Ty eVy
Len makiz1,0Lch
Tel
Az Lon 1 [famevy
BoL.p, Sme
A3 % 1 MeMg
u“” €0mWep Deny/2mpeVy
0
Ay #;[] 4kp Ty
weVy
A -
As Le:hc,) WenDen <4 A/ mome Vi
e L.n 250e3
Ag Anno WenDepny/8mmpkp T
Lcp Leponnma
Az Bina HQTg eVy
0 =D2, B2 \/ 2mp
Asg - Byg
B:zo
Ch - M
ma
Co - Rip
Wy
Cs - Dep.
Whp
Tl - Lcp
Wen
TQ - Wen
Decp,
15 - 1—o0sEE
, me
P m;
- Ei
Ps ‘};
Py R 0iz1(E)
oen(U9)
P4 - Uen(E)
Ten (UO)
Ps - 0iz2(E)
Ten (UO
Ps - occpx(E)
gen(UY)
B1 - ¢B
Va
Bo . b
Vg
. u
Wpeo = ’Z;Z;O, the reference electron Larmor radius, r.g = %’;0, the reference mean
ce
free path for electron-electron Coulomb collisions, Acco = %, and the reference
cokee,
mean free path for neutral-neutral elastic collisions, Apno = 5 016 . For the propellant
n00nn

parameters, to define nondimensional collision cross-section functions, we first define a
reference collisional cross-section, o, (U 0), where U? =10eV is chosen arbitrarily for
the reference energy. While we exclude internal cathode parameters from future consid-
eration, to further nondimensionalize the cathode behavior, we could include the aspect
ratios of the internal cathode geometry, and the ratio of the emitter work function to the
HET’s discharge voltage.

It can be shown that the set of nondimensional parameters defined in Table 2 are inde-
pendent. In addition, without loss of generalization, the HET discharge can be defined
by 22 physical variables if we only consider oy, kiz1,0, and kee,0 among the collisional
variables, consider kgT,, as a single variable, and only consider B,y and B, instead of
the entire magnetic field topology. Then, the 18 nondimensional variables of A;-Ag, C;
-Cs, T1-Ts, P1, P, By, and Bs satisfy the condition of the Buckingham 7 theorem for
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the minimum set of independent parameters that describe the HET discharge, consid-
ering the four base dimensions of length, time, mass, and electrical current. For com-

pleteness, if kp and T, are considered as separate variables, then the nondimensional

eVaeo o eVaco o
me

parameter e

is needed to satisfy the Buckingham 7 theorem. However,

governs the importance of relativistic effects for electrons in a HET, which are negligible.
We also note that the extension of the nondimensional parameters to include molecular
propellants and additional collisional processes is straightforward.

In addition, it is important to consider the nondimensional magnetic field topology
defined by Ag = 2Bz — Den B f o = 982 _ Len0B. 4, = 9B _ Law 0B:  apq

or* By Or’ dz* ~ B.o 0z’ dz* B,y 0z’
oB: . . . . .
Ay = 5= = Bcg 8£2, where z* = = is the nondimensional axial coordinate and

* T

= 5o is the nondimensional radial coordinate. Ag7775 must be the same between

two magnetic fields for them to have the same nondimensional topology, since Ag7775
governs the nondimensional divergence-free condition of the magnetic field. It will also
be useful to define some extra nondimensional parameters for the propellant. For the
propellant, we can define P; = ﬂzl 0 Py = kizo p= Kino s (Tr) = i (Te)

en,0 T Kiz2,0’ — kcex,o’ izl kiz1,0
* *\ le(T) * *\ en(T,) *\ __ kCEX(“w, s
ki (T3) = =52 ke (T7) = oo and kgpx (uf) = “feaxg » Which depend on
Te Ui

P3, Py, Ps, and Ps for a given T,o and u;o, and where T = = . and u} = u= are the

nondimensional electron temperature and ion velocity.
Furthermore, the expressions in Table 2 for A;, Ay, As, A5, and A7 depend on the
definitions of n.g = M40, Uez0 = Uig, and Ty = ‘1/—‘01 These nondimensional parameters

could be corrected by factors of <2, f, and 1OT°° , which could be found from a 0D

electron model of the thruster discharge. However, such corrections would be functions
of the previously defined nondimensional parameters. As a result, if we are only con-
cerned with defining a set of independent nondimensional parameters that fully describe

the HET discharge, then corrections for <2, “e20 and wT“

2YLel
et are not necessary, but if we

want to accurately describe how nondimensional HET dlscharge phenomena scale with

dimensional HET operating parameters, then the corrections for Z‘_”, “U"ZOU, and T‘;’" are
i

necessary. As such, when nondimensionalizing the fluid equations in the next section,

we will not assume definitions for "?“ , 1220“ ,and TC"
07 U

Before continuing, it is useful to consider how other nondimensional parameters

that may be important are related to the parameters defined in Table 2. For exam-

. : weeo . _A1Pq _
ple, the reference classical electron Hall parameter is Tles = AP the refer

Az

ence anomalous electron Hall parameter is Z”g ~ B the ratio of the reference
ez

Debye length to the channel length is )‘LD—ZO ~ %, the reference azimuthal electron
Mach number is u“t—z% ~ As, and the reference number of neutrals in the channel is

A5 AST?
ATAIP?T,

LepnWenDepnno =
Nondimensional analysis of HET dynamics

Nondimensional fluid equations for HET discharge

In this section, we will present the nondimensional fluid equations of the HET discharge
to show that the nondimensional parameters defined in Section “Nondimensional HET
discharge” do, in fact, describe the nondimensional fluid description of a HET discharge.
The main caveat against focusing on the fluid description is that it does not account
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for kinetic phenomena or finite-sheath effects. However, finite-sheath effects should

. . . A .
be accounted for in our nondimensional parameters because LD—]U = g—z. In addition,
ch

non-Maxwellian kinetic effects should also be accounted for in our nondimensional

As uez()

parameters because and Ag are the reference Knudsen numbers for electrons and

Aid
neutrals, and the reference ion Knudsen number is h" = \/ﬁ. Also, even though we
1

assume an isotropic electron pressure tensor in the fluid equations, A5 should govern

i i i Uez0Weced uczO
the relaxation to an isotropic electron pressure tensor and “<32=: o \/}T == should

govern the relaxation to a gyrotropic electron pressure tensor [30].

Furthermore, even though a full treatment of kinetic instabilities in HETs is out of
the scope of this work, it can be shown that % ~ Ay, As, and P, govern the dis-
persion relation of the electron cyclotron drift instability (ECDI) presented in Ref. [31],
so we believe the nondimensional behavior of kinetic instabilities in a HET should be
described by our defined set of HET nondimensional parameters. Indeed, it is known
that artificially changing the vacuum permittivity or ion mass in simulations can affect
the behavior of the ECDI [32]. Lastly, fluid instabilities are also prevalent in a HET, but
if our nondimensional parameters can describe the nondimensional fluid description of
the HET discharge, then they can also describe the behavior of the nondimensional fluid
instabilities in a HET.

To gain a preliminary understanding of the nondimensional HET dynamics, it is suf-
ficient to consider the following conservation equations: continuity equations of elec-
trons, ions, and neutrals, axial momentum equation of electrons and ions, radial and
azimuthal momentum equations of electrons, and the electron energy equation. To
incorporate wall effects directly into the conservation equations instead of as bound-
ary conditions and for simplicity, we consider 1D models for all conservation equations
except for the radial electron momentum equation. In addition, we are primarily inter-
ested in describing global phenomena, so our reference length scale is channel length,
and the reference time scale is that of neutral convection. We note that alternative length
and time scales would be useful to find the nondimensional parameters that govern
small-scale phenomena [28].

For the 1D models we used Ref. [33] as a reference for the continuity and momen-
tum equations and Ref. [34] as a reference for the electron energy equation. For the con-
tinuity equations, we expanded on Ref. [33] by including single-ionization of ions and
charge-exchange collisions, such that the nondimensional 1D neutral, ion, and electron
continuity equations are

onk 9 (niul,) Neo . 1 neoT1 [ Tew,o

n n-"mnz
= — nin ——n;n, k¢ +
ot* 92" nipd; ¢ " 1t A, Py CEX T ho 8V,

on; I (niul) Neo neoAs 1 neoT1  |[Tewo
A + L2 = ninhkl, —— ninikle — ——=ninikipy — — “orx, (10
4 67‘* 02* TlioAl e ntizl 7Li0A1P8 i etiz2 Alpg it OEX N0 8Vd rw ( )
Y \"%eez) ez) * ok 7k Tl*’)'L 111

on’ Uezo o (nk n
otk
T P R AL 8Va

)

1 A T‘e W
A4 4 ,0

rr, (A1)

where n;, = i is the nondimensional neutral density, n; = ;*- is the nondimensional
n K3

ne

nio

mensional axial neutral velocity, u;, = ;= is the nondimensional axial ion velocity,
K

Unz

ion density, n} = is the nondimensional electron density, u;,, = 72 is the nondi-
n!
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ug, = 4= is the nondimensional axial electron velocity, t* = tﬁ"o is the nondimensional
time, and Tiw = & 20%‘“ is the nondimensional ion flux to the channel walls. For the ion

momentum equation, unlike in Ref. [33], we do not account for the dispersion of axial
ion velocities or for the neutral velocity, but we do account for the same collisional pro-
cesses in the continuity equations, such that the nondimensional 1D ion momentum
equation in conservative form is

d(njuy,) 0 (” u; 2) 1 neo Ay
A i Yiz = pfEr - T pf
4 at* Bz* 2777. z niOAIPSn TL uLZ 7,22 (12)
i 1 g neOTl TEU},O uET*
A1P9 nNpUi;Repx — nio 8Vd iz W

where £ = % is the nondimensional axial electric field.

Regarding the 1D axial and azimuthal electron momentum equations, we have
neglected the momentum gained from ionization of ions, and we have included the
dominant inertia terms [35, 36], such that the nondimensional 1D axial and azimuthal

electron momentum equations are

2 * %
poA, tezo O (nCUE:) Pl(um> 8 (ngug;)

Uio ot* Uio 0z*

1 Teo O (NETY) Ue0 Py (tez0PiTh) | Tew, 0
— B4 = Bre— S oeel Sl gt kY, — e w T
2n€ . 2nC uee W, 9z o AL P NeNpUe,Rep (UiUT.‘s) 8V, Ue L (13)

AZ A Bmus0 O (niuly) . AZ5m O (niul,uly)
4Uer0 ot* 4 Oz*

_ *0
= TN ezB —ng ueGV

57TA2’MZQ n* * k: _ Tew,O 57TA%T1’U410 u* F* (14)
44 Prugy ¢ matiey 8Va  4T3ucz0 w

where u;, = ;<& is the nondimensional azimuthal electron drift velocity, B} = 5:}
-
is the nondimensional radial magnetic field, and v = —“2%<0%_ jg the nondimensional

WeeOUez0
anomalous electron collision frequency. For simplicity, we neglect ion-electron momen-

tum transfer collisions in the nondimensional momentum equations. For the radial elec-
tron momentum equation, we include the centrifugal force and a non-negligible axial
magnetic field, such that the nondimensional radial electron momentum equation is

2A4P1Uezo 8( neu er) A A8T1T257T n* *2
U50 ot* 4 1"*

To0AsT) O (niTY)  2Piue. . «
04841 (nee)+ 1Uez0 0k ke (15)

* % *
=-—niE} —niul,B;
€ Vd 8,,,* A1P7u10 6 7l er-ven

where £ = ggigrg is the nondimensional radial electric field, B} = ]‘39 = is the nondi-
mensional axial magnetic field, and u}, = Z”igr‘; is the nondimensional radial electron
ez z

velocity. In addition, to accurately represent the radial dynamics within the discharge
channel, we define % = Wen%- a . Lastly, to the 1D electron energy equation in Ref. [34],

we add cross-field thermal conductivity and the loss terms due to thermalization with
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ions and neutrals, but we neglect electron inertia, such that the nondimensional 1D elec-
tron energy equation is

AguioTeo O (%n:T;) n T.0 9 (%”ZUZZT;)

uezOVd ot* Vd 0z*
P Towo\? T 1 A P or>
U;0 ew,0 1 2Ui0 3
N E*O 2Ug * *kﬁf _ B 1 1 T Ff * K* e
R T < Va > T3y/8 { M n( : 27TP1>} W T A Prgsg 02 < ? 92*)
Pin;oT, PruoT.
104 e0 TL*TL;kk'* * 104 e0 TL*TL* k* T* (16)
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where ¢ = is the nondimensional average electron

Ew
Tewo [ 1410 ((1=0spm) /7 )|

2
energy lost at the channel walls, x} = s Brg

MeneoTeonnokeno
* _ ke'ﬁ,e \/imp

€ie T KkeeoMe

) - k
tron-ion energy transfer collision rate, and k,, , = 7,:"';:; L

is the nondimensional classical

cross-field electron thermal conductivity, is the nondimensional elec-

is the nondimensional elec-
tron-neutral energy transfer collision rate. In Eq. 16, without loss of generality, we have

neglected inelastic losses due to excitation and ionization of ions, only included electron-
neutral collisions to define 7, and assumed negligible neutral and ion temperatures.

Physical relevance of nondimensional discharge parameters

From Eqs 9-16, the nondimensional parameters that define the axisymmet-
ric nondimensional fluid description of the HET discharge are A;, Ai, A4, As,
Ag, Ty, Ts, Ts, P1, Ps, Pr, Ps, and Py. In particular, ratios of characteristic processes in
a HET in terms of the nondimensional parameters are shown in Table 3. Using char-
acteristic HET parameters of V; =300V, B,o= 200G, — M ()3 _kg

TWenDen s-m?2’

Table 3 Ratios of characteristic processes in a HET expressed by the nondimensional variables
defined in Table 2. These characteristic processes are taken from the fluid equations, Egs 9-16, and

; neo Uezo Teo Tew,0 ;
are expressed using o e, ,and v for generality
Nondimensional Variable Ratio of characteristic processes in a HET
Tew0 Tim ion—wall recombination mean free path
ew, 1Me0 I .
Va  mio ch
sV 1 ionization rate of neutrals
7 d[) T recombination rate of ions at walls
ew,
Pg ionization rate of neutrals
Ay ionization rate of ions
2P1uez0 classical axial electron resistivity
A1 Pruso axial Lorentz force
axial electron resitivity due to wall collisions
Tg‘;’g % axial Lorentz force
d 3U50
5mwA2 azimuthal electron inertia
1 2 anomalous azimuthal electron resistivity
57714%“1.0 classical azimuthal electron resistivity
AA; Prugno anomalous azimuthal electron resistivity
ez
Tew.0 57TA2T1 wio azimuthal electron resitivity due to wall collisions
88\1? # anomalous azimuthal electron resistivity
d 3Uez0
1 AgTeo radial electron pressure gradient
V4 radial Lorentz force
57“4% AT T electron centrifugal force
- radial Lorentz force
Pou,g electron energy loss due to ionization of neutrals
Altez0 Joule heatingo f electrons
Agwo classical cross— field heat transport of electrons
A1 Prucao Joule heating of electrons
ez
Pin;o electron—ion thermal relaxation time
AsneoV2 axial transit time of electrons
3/2 electron energy lost to ionization
(’T‘Vd - PQ’/TLS V8 N electron energy lost to channel walls
c 1
e (T 5 ) |
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Len, = 30mm, Wy, = 30mm, D., = 100, T,, = 500 K, ocsgr = 0.5, and xenon as the
propellant, then A4; = 0.28, A, =0.11, A4y =1.4 X 1072, Ty =1, T, = 0.3, T3 = 0.5,
P, =41x107% P, =0.04, P, = 0.22, Py = 2.4, Py = 7.3. To calculate A, P, and P,
for xenon, we used the expressionsin Ref. [37] of oo x = 11(%*18 m2, ki [m?’/s] ~ 10~20

— (1031 x 1074) T3, + 6386 exp (3127 ) (8o ) “andk,, [m /5] = 6.6 x 10719

Tev TMe

Tev _
” (“h 0)'11,6} (87‘13,77;;") and evaluated them at T,y = 30eV; this resulted in
4

kiz10 =153 x 1073 m3/s and ken,o = 6.95 x 10713 m3/s. To calculate Ps, we used
cross-sections for ionization of xenon ions from Ref. [38] and assumed a Maxwellian
electron speed distribution at an electron temperature of 30eV, which resulted in
kiz20 = 6.39 x 10714 m3/s. Plugging the above values into the expressions in Table 3.
we arrive at the typical findings that electron inertia, classical momentum-transfer and
energy-transfer collisions, and classical cross-field heat flux are negligible. In this case,
the axisymmetric nondimensional fluid description of the HET discharge would be
described entirely by A1, A4, Ag, T1, T3, P, Pg, and Py in addition to the known depen-
dence on the nondimensional magnetic field topology. In particular, the neutral and ion
dynamics would be entirely described by A1, A4, T3, P, and Py, the electron momen-
tum dynamics would be governed by A, Ag, T, and T3, and the electron energy dynam-
ics would be governed A1, 71, T3, and Ps.

However, there are several considerations that may change the relevance of different
parameters. First, it has been shown that magnetically shielded (MS) HETs have a weak
dependence on the wall material [39, 40], such that T3 is no longer an important param-
eter for MS HETs. Second, a combination of C; and C5 should influence the nondimen-
sional cathode coupling voltage. Third, it has been shown that in certain parts of the
HET discharge, electron inertia is non-negligible in the azimuthal and radial electron
momentum equations [35, 41], such that A, and 75 are not entirely negligible for the
fluid description of electrons. Fourth, from the previous discussion on the ECDI, anom-
alous electron transport should have a non-negligible influence from A,, A3, and P;. In
fact, when nondimensionalizing the governing equations of a kinetic simulation on the
time scale of the plasma frequency and length scale of the Debye length, Ref. [28], found
that A3 and P; governed the nondimensional equations. While not a universal trend, the
scaling of B¢ ~ /11, at constant discharge voltage suggested by A3 has been observed
to minimize discharge current oscillations in the SPT-140 [1].

In addition, A4 influences the coupling between transit time oscillations of ions and
neutrals as well as influencing the fraction of doubly charged ions. This may suggest
that A, is of secondary importance, but it has been shown that the presence of dou-
bly charged ions can significantly affect anomalous electron transport [42]. Lastly, apart
from increasing the thrust density and the significance of the electron centrifugal force,
a higher T5 should decrease the distance between the cathode and the channel, which
should affect cathode coupling. In conclusion, we expect the most physically significant
nondimensional parameters to describe the HET discharge to be A;, A, A3 A4, T4,
T, T3, P, Ps, and P, in addition to the nondimensional magnetic field topology, which
also defines Ag.
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Nondimensionalization of facility effects

Analogously to the nondimensionalization of the HET discharge, the nondimension-
alization of the facility effects is carried out in three steps; First, determine the set of
parameters that determines the dimensional facility effects; second, define the reference
facility properties as a function of the facility parameters; define an independent set of
nondimensional parameters as a function of the reference facility properties and of the
reference plasma properties of the HET discharge.

We consider a cylindrical vacuum chamber equipped with cryopumps. We define
the dimensional facility parameters as the background pressure, Pg, effective chamber
length, L.pam, chamber radius, Rcpam, chamber surface area, Acpam, reference poten-
tial in the plume, @plume, atmospheric temperature, T¢r,, temperature of the shrouds,
Tunroud, and the surface area of the shrouds that faces the inside of the chamber, Aghroud.
Lcham is the axial distance the beam traverses in the vacuum chamber, and ¢p1ume is gen-
erally assumed to be 20V but can be varied experimentally by placing a large, biased
electrode in front of the thruster [43]. We note that if we wanted to nondimensionalize
an analytical expression for the effective pumping speed of the facility, such as that in
Ref. [44], we would need to include the relative locations of each cryopump, the surface
area of the cryopumps, and the temperature of the cryopumps. Instead of this detailed
analysis, we chose to use the resultant background pressure in the chamber.

For the reference facility parameters, we first define the ingested neutral mass flux,

ling = PB4/ ﬁ, as the thermal flux from the static background pressure. Next,

we define the reference background neutral density, n,p, and the reference electron
density at the lateral walls of the chamber, n¢ a1 as

Ps 17
NnB = ——
nB kBTatm ( )
¢’ lume
Ne,wall = Me,plume €XP <Tpl (18)
e,plume

where 7¢ plume is the reference electron density in the plume, T, plume = 71%" is the refer-

ence electron temperature in the cathode plume, and it is assumed that the chamber is

at ground potential. To define the reference n¢ plume, we define n¢ eqit = Niolio+/ ”gze s
8e

TMe

is the reference electron

the reference electron density at the cathode exit, where

n W2
—=55—<n represents the

thermal velocity at the cathode exit. Furthermore, n¢ plume =
ch

expansion of the cathode plume. Next, we define the reference resistance of the elec-
tron-plume current pathway, R, jlume and of the electron-chamber-wall current path-
way, Re,wall as

4me Ve,plumeLcha'rn
2
62ne,plume7TDch

Re,plume = (19)

meVe,walchham
1
€2ne7wall7r (RchamLcham + §Dcthham)

Re,wall = (20)

where v, 1,41 is the electron collision frequency that impedes electron motion from the
cathode to the radial chamber wall and Ve plume is the electron collision frequency in the
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plume. Without loss of generality, we define ve yaii = Ve, plume = MnB (Tenlle)

Te,plume”
Lastly, we can define the power radiated from the thruster, ()44, and the power radiated
from the chamber to the thruster, Qcpom as

Qrad = 0s5ERART, (21)

Qchamb = 0sBERART gy, + 0 SBSRAR% (Tehroua = Tatm) (22)
cham
where ogp is the Stephan-Boltzmann’s constant, € is the surface emissivity, Ap is the
radiation surface area, we assumed a view factor of 1, and ﬁ represents the relative
view factor of the shrouds to the thruster.

For the nondimensional facility effects, we define five fundamental nondimensional
parameters in Table 4. F;-F3 represent pressure facility effects, F; represents electrical
facility effects, and F5 represents thermal facility effects. While F} - F5 are the fundamen-
tal nondimensional facility effect parameters in terms of physical relevance, we could

have separately defined nondimensional facility effect parameters for Lihi';m, R”%‘Zm,
ch c

Totm Tshroud Ashroud and $plume
) ) Te

w w cham

. In addition, while the definition of nondimensional

plum
facility effects in terms of characteristic properties should not depend on any assump-
tions, the definition in terms of facility and discharge parameters does depend on the
assumptions we make to define the characteristic properties.

It is also important to note that the form of F; in Table 4 depends on our assumptions

for Vye'pl“?ze and Te&,‘il“"’e, A 0D cathode plume model could be used to obtain an expres-
sion for Lephume that depends on (4, C5, and C in addition to the nondimensional

el
thruster parameters. Similarly, Uy"i‘a:‘f depends on the closure for anomalous transport
in the thruster plume, which would also depend on the nondimensional thruster param-
eters. As a result, such corrections to v, plume and 7% plume can be viewed as nondimen-
sional parameters that are defined by the previously defined nondimensional facility and
thruster parameters. So, if we are only concerned with defining the set of nondimen-
sional parameters that define the nondimensional facility effects, then there is no need

. Ve T, .
to define the corrections to ;"’l“‘:‘f and e’j’ilt‘)’“e. However, to accurately estimate how
e wa .

Re,plume

Vo— varies as a function of the dimensional facility and thruster, then we would need

Ve.plume 0 4 Te,plume
Ve, wall Teo

to define the corrections to

Table 4 Fundamental nondimensional HET facility effect variables are defined in terms of
characteristic properties. Using the same assumptions used to define these characteristic properties
in Eq. 17-22, the nondimensional facility effect variables are expressed in terms of the facility and
HET parameters

Nondimensional Variable Definition in terms characteristic Expression in
properties terms of facility
and discharge
parameters
£ tral zrmﬁu hth d PeWenDen URiL:
neutral mass f uzT roug € anode ma QkBT(lf,TII,
F> ?L"B PpWep Depy/87mpkpTw
n0 3
kpTatmma
F3 )\LLM Ppkoex,0Lcham mp
CEX,B kBTatm 2eVy
F4 Re plume L2 D o}
: - cham ch _ _Pplume
Re wall 4 D2h (1 + 2Rcham ) €xp Te,plume

Fs Qcham ‘A T 4 A, T, 4
Zcham 1 — Ashroud atm ) shroud ( shroud )
o ( ) (=) +

Tw

chan cham
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Physical relevance of nondimensional facility effects

Using the characteristic HET parameters from Section “Physical relevance of nondimen-
sional discharge parameters” and using characteristic facility parameters of Pg = 10~°
Tort, Lenam = 5m, Renam = 2m, Acham = 70m?%, ¢plume = 20V, Thim = 295 K,
Tshroud = 100 K, and Aghroua = 25m? we find Fy = 3.9 x 1073, F, = 0.02, F3 = 1.6,
Fy =13, and F5 = 0.08. The selected values for the characteristic facility parameters are
representative of facilities used to test HETs of around 5kW. A value of I3 = 1.6 means
that around 50% of beam ions undergo a charge-exchange collision before reaching the
end of the chamber; while this effect influences raw measurements of Faraday probes
[45] and back-sputtering rates in the facility, this effect should not influence thrust mea-
surements because the ions are fully accelerated and charge-exchange collisions do not
contribute significantly to the ingested flux from the facility background pressure. A
value of Fy = 13 indicates that most electrons reach the laterals wall of the chamber
instead of going into the thruster plume; while this value is sensitive to our estimates of
@plume and T¢ plume, the value indicates the significant presence of additional electron
neutralization pathways. In addition, the value for F; can be manipulated with a biased
beam target to achieve space-like conditions, as done in Ref. [43]. Next, the value for F5
indicates that thermal radiation from the chamber surfaces to the thruster plays a small
but nonnegligible role in determining the thruster temperature. Lastly, F; and F» are
intended to show the impact of background pressure on thruster performance. However,
while F; and F» may be related to pressure facility effects, their low characteristic values
suggest that they are not the most physically relevant parameters.

Methodology for analyzing pressure studies

In analyzing data from past pressure studies, our goal is to illustrate how a nondimen-
sional framework can be used to reduce the dimensionality of pressure facility effects.
Reducing the dimensionality of pressure facility effects would simplify the experimental
characterization of pressure facility effects in a way that could be applicable to all dis-
charge conditions.

Existing pressure studies typically measure how thrust changes with background pres-
sure at either a single or various discharge conditions. To apply the nondimensional
framework to this problem, we first must nondimensionalize the thrust. To this end, we
will focus on relative changes in thrust with background pressure.

The thrust, T, can be expressed as T' =Ty f (41,...,T1,... P1,...,B1,... F1,...),
whereTpisanarbitraryreferencethrustvalue,and f (As,...,T1,... P1,...,B1,... F1,...)
is a universal function of all the nondimensional parameters that describe the
nondimensional HET discharge and the nondimensional facility effects. When
analyzing a pressure study at a single reference discharge condition, we will
choose one thrust value, T°, as the reference value, which can be expressed as
T =Tof (AY,...,T7,... PP,...,BY,... F{,...), where the superscript on the nondi-
mensional parameters indicates the value of that nondimensional parameter that cor-
responds to 7°. Then, for all the other thrust values in the pressure study at the same
reference discharge condition with T =Ty f (AY,...,T7,... P),...,BY,... Fy,...), we

can define the normalized thrust as
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e T _ f(AY,... 1, . P, By, .. Fy,..)
TO (A% ..., T0, ... PV ... By ...F0 ..)

(23)

where only the nondimensional facility effects have changed between the two con-
ditions. Because f(Ay,...,T1,...P,...,B1,...F1,...) is a universal function,
f(AY,..., 19, . PY,...,BY,...F{,...) is universal constant, such that 7* is a uni-
versal function of (AY,...,7¢,...P0,...,BY,...F{,...) and of (Fy,...). To com-
pare 1™ across different discharge conditions, we can consider 7 to be a function of
(A1,...,7h,... P1,...,By,... Fy,...) evaluated at (Flo, . ) A key point is that because
T* should only be affected by the coupling between the facility and the discharge, cer-
tain nondimensional discharge parameters that are important to determine HET perfor-
mance may not play a role in 7. A reduced dimensionality would then correspond to a

reduction in the number of nondimensional parameters necessary to describe 7.

Reduction in dimensionality

First, for simplicity, we will focus on comparing pressure studies conducted in the same
chamber with the same chamber electrical configuration. In doing so, we ensure con-
stant nondimensional parameters for those that govern electrical facility effects and
thermal facility effects. However, the study will miss effects due to facility geometry,
electrical facility effects, and thermal facility effects.

To reduce the dimensionality of pressure facility effects, we need to consider the main
ways through which background pressure can change thrust. These are an increase in
the effective flow rate through ingestion [46], a change in cathode coupling voltage [47,
48], charge-exchange collisions with background neutrals that prevent ions from being
completely accelerated, background neutrals contributing significantly to electron trans-
port in the discharge channel. Each of these phenomena should be able to be described
by newly defined nondimensional pressure parameters that are functions of the previ-
ously defined facility and discharge nondimensional parameters. Consequently, 7
would be a function of just these four newly defined nondimensional parameters, and
the dimensionality of 7* would be significantly reduced.

While modeling pressure facility effects is out of the scope of this study, we can pre-
liminarily define new nondimensional pressure parameters. We can then plot existing
data against these newly defined nondimensional parameters and see if they are success-
ful in reducing the dimensionality of pressure facility effects. When we plot data from
existing pressure studies, if a variable reduces the dimensionality of facility effects, we
mean that the different curves of T* for the different discharge conditions collapse onto

one curve.

Additional pressure parameters

Additional nondimensional pressure parameters that we believe are related to pressure
facility effects include but are not restricted to Fgs-Fig, defined in Table 5. While these
new parameters should be related to the effects of cathode coupling, charge-exchange
collisions, and electron transport in the discharge channel, we have not yet considered
modifications to the ingestion parameter, F. Regarding the ingested neutral mass flux,
the thermal flux used in Table 4 is not sufficient to explain experimental observations
[5, 46]. It has been suggested that the dynamic pressure of the background neutrals
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Table 5 Auxiliary nondimensional HET facility effect variables are defined in terms of characteristic
properties. Using the same assumptions used to define these characteristic properties, the
nondimensional facility effect variables are expressed in terms of the fundamental nondimensional
facility effect variables and the nondimensional HET variables

Nondimensional Variable Definition in terms characteristic Definition in terms
properties of fundamental
nondimensional
variables
F B 1
6 neutral density at channel exit Fzexp AT
F7 nnB Fy
npo Ag
Fy Len FaAy
ACEX,B A1 Py
Fg Fing 1 £
neutral mass flux through the cathode 4 C§T2
Fio nppkeno FyAgr/P1
WeeO T A P

dominates the ingested neutral flux [46, 49]. The characteristic neutral velocity for the
dynamic pressure depends on whether the neutrals thermally accommodate with the
chamber walls. If they do thermally accommodate, then the characteristic velocity is the
thermal velocity at the vacuum facility wall, which we will assume to be the atmospheric
temperature; the corresponding nondimensional parameter would be proportional to
F3. If neutrals do not thermally accommodate with the chamber walls, then their char-
acteristic velocity should be the ion’s exhaust velocity, u;o. In this case, we can estimate
the ingested neutral flux with a dynamic pressure corresponding to the neutral density
of n,, g with velocity u;g it turns out that the corresponding nondimensional parameter
for this modified ingested flux is proportional to Fx.

In addition, the ingested flux also depends on the spatial distribution of the dynamic
background pressure, which is determined by the locations of the cryopumps and by
the location of the sources of neutrals inside the chamber [49]. These locations could be
described by the nondimensional parameters. In fact, Ref. [46] defined nondimensional
variables of the cryopump configuration to improve the estimate of the ingested neutral
flux. However, to avoid having to incorporate such parameters, we will only compare
pressure studies done in the same facility, which should maintain a constant spatial dis-
tribution of dynamic pressure.

General methodology

If we believe T to be a function of just two variables, say F; and F5, then a plot of T
is defined by the reference values F and F. Then, to compare T* at two different dis-
charge conditions, one discharge condition must achieve F and FY at a background
pressure P; and the other discharge condition must achieve F} and FY at another back-
ground pressure, P». If the range of pressures or the selected discharge conditions in
the pressure study do not allow for a common set of (F{, FY) between the discharge
conditions, then the pressure study cannot be used to evaluate whether 7 is a func-
tion of only F} and F». Consequently, the choice of discharge conditions and range of
background pressures requires careful selection to be able to use the nondimensional
framework. If such conditions are met, then 7™ is in fact a function of only F; and F;
if different discharge conditions and thrusters are shown to have the same 7™ function.
Conversely, discrepancies between T* curves would indicate 7% is not a function of only
Fi and Fs.
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The use of such a 7™ function can be seen in the following case. Consider that the
function T has been experimentally mapped out, evaluated with F and FY at space
conditions. Then, for any new thruster or discharge condition, once F; and F5 are calcu-
lated, T could be used to scale the thrust at an elevated background pressure to that in

space.

Challenges in implementation

There are four main challenges in applying the general methodology to existing pres-
sure studies. First, existing pressure studies at different discharge conditions do not have
setpoints with a common set of nondimensional facility effect parameters. Second, most
pressure studies vary the anode mass flow rate to keep a constant discharge current
across different background pressures. Third, different mechanisms have been used to
achieve elevated background pressures. Fourth, a thruster body temperature that would
scale with T}, is rarely reported in pressure studies.

The first challenge is the most significant, as it prevents us from constructing multi-
dimensional plots of 7™ based on existing data. This occurs for two reasons. First, as pre-
viously mentioned, the discharge condition must be carefully varied to ensure that there
is a background pressure at which two operating conditions have the same values for
each of the relevant nondimensional parameters. Second, it is unclear which set of non-
dimensional pressure parameters is the most physically relevant. To illustrate the first
point, we can consider two cases. For the case of two discharge conditions with different
Mg, ™1 and 7hg, then we can match Fj if they were operated at the same background
pressure, but at that same background pressure, the values for F; would be off by a fac-
tor of ZZ—; Similarly, for the case of two discharge conditions with different V;, V7 and

Va, we can match F} if they were operated at the same background pressure, but at that

same background pressure, the values for F7 would be off by a factor of %

Regarding the second challenge, by changing 712, at each pressure, the values for A;
are different at each pressure. In fact, in Ref. [5], 7, varied by as much as 10% between
the discharge conditions. Calculating each 7™ curve with Eq. 23 assumes that each
point along that curve has the same nondimensional discharge condition, so a different
A; at each pressure would not allow using the nondimensional framework to analyze
such data. Because of this, we will mostly consider pressure studies that either purpose-
fully maintained a constant 7, or where i, varied by less than 1% across the various
pressures.

We do acknowledge that pressure studies at constant discharge current are useful for
flight qualification testing, especially in the case of HETs with a center-mounted cath-
ode, which have shown to have an approximately constant thrust at various pressures [3,
4, 6]. However, to isolate the effects of nondimensional facility effects on the discharge,
it is better to keep 717, constant so that all the nondimensional discharge parameters are
constant. It would be possible to define an effective 72, based on an approximation for
the ingested flow rate, but it is known that ingested neutrals do not undergo the same
processes as neutrals injected through the anode.

As for the third challenge, the mechanism by which a study achieves an elevated back-
ground pressure can affect the spatial distribution of the static and dynamic background
pressure. If this spatial distribution varies significantly across each pressure, then we
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would need to account for the nondimensional parameters that govern the spatial dis-
tribution of the dynamic background pressure. The three mechanisms used to increase
the background pressure are reducing the number of active cryopumps, injecting excess
propellant from somewhere in the chamber, and a combination of the previous two
methods. From the model in Ref. [46], if the number of active cryopumps is reduced,
this should change the ratio of the dynamic pressure to the static background, but we
are not aware of this effect being quantified. In addition, when injecting extra propellant
to increase the background pressure, it is possible that the ratio of the flow rate of the
excess neutrals to the anode flow rate affects the spatial distribution of the dynamic pres-
sure, but we are also not aware of this effect being quantified. So, although we believe
the mechanism used to achieve an elevated background pressure may affect the ratio of
ingested flux to the thermal flux, this effect has not been quantified. As a result, we will
consider pressure studies, independent of which mechanism was used.

Lastly, regarding the fourth challenge of the implementation, because a reference tem-
perature that scales with T3, is typically not reported, rough estimates are needed to

T
T, are

approximate how TT“’ scales with the operating condition. Such estimates for

atm
necessary to accurately estimate how F» changes between discharge conditions. In the

range of discharge conditions that we will consider, accounting for a changing T, has

a negligible effect on our analysis. However, variations in TT:) are important because
atm

F ~ Fy TT:” , so if we to assume that T, is independent of the discharge condition

and that T, is constant, then F; and F> would no longer be independent parameters.

Revised methodology
To address the first challenge, we had to implement the following simplified analysis. We
consider the various nondimensional pressure parameters separately. We then assume
that 7 is a function of only one of these nondimensional parameters and plot 7* against
that nondimensional pressure parameter. We will then compare the different plots to see
if one nondimensional parameter is able to successfully reduce the dimensionality of the
T* curves at different discharge conditions. In addition, to be able to find common val-
ues for all the nondimensional pressure parameters among the different discharge con-
ditions, we need to interpolate between the reported thrust values. The interpolation is
done by assuming that the plot of thrust vs. Pg is of the form T'= A — Bexp (—CPg).
Next, to address the second challenge, because there are so many existing pressure
studies that were done at constant discharge current, it is useful to consider how we can
approximately correct for a varying 7h,. We would start by constructing the 7™ as if 112,
was constant. Denoting the mass flow rate at the reference condition as 7Y and if we
assume that the thrust scales approximately with 7, within a small range of 7,4, then
I

the value of T* at i, should be scaled by —=. Also, if we are plotting T as a function of

m
a .0
a

% for different 710, then we should actually plot 7* == as a function of £5.

Meq

The first set of pressure studies we considered was the measurements in Ref. [1], which
were done at various mass flow rates and magnetic field strengths. Specifically, in Ref.
[1], the discharge voltage was 300V, the discharge current was varied between 3 A and
15 A, and the background pressures were between 1 and 14 pTorr-Xe. We chose to only
analyze the conditions between 2.5 and 4.5 kW because, even though the pressure stud-
ies at each discharge power were done at constant discharge current, at discharge powers
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between 2.5 and 4.5kW, the change in mass flow rate at different pressures was around
1%. We will construct two plots, one of T* as a function of F, and one of 7™ as a func-
tion of Fgz. These measurements were made on the SPT-140, and we estimate A; = 0.19
at 300V and 15 A on the SPT-140. The values for A; at the other anode flow rates can
then be scaled according to the expression for A; in Table 2.

To illustrate how the FY and Fy) values are selected for the SPT-140 data, we refer to
Figs. 2 and 3. The range of FY values that we can select from are those at which there is
a corresponding thrust value for all the discharge conditions; in Fig. 2, this results in a
possible range of FY values approximately between 0.004 and 0.035. While there is no
exact criterion for selecting Fy and Fy values, a rule of thumb should be to select values
such that most of the curves have a balanced number of values on either side of Fy and
F{). For example, in Fig. 2, the selected value of FY) results in the 2.5kW and 4.5kW cases
having the most unbalanced numbers of values on either side of FY, with both cases
having 3 values to the right of FY and 6 values to the left of . On the other hand, Fig.
3 shows that it is difficult to select an ideal F{ for the available data, as the unbalanced
number of values on either side of Fy for the 2.5kW and 4.5kW cases are unavoidable if
both cases are considered simultaneously.

The second set of pressure studies we considered was the measurements in Ref. [2],
which were done at various discharge voltages and anode flow rates. Specifically, in Ref.
[2], the discharge voltage was varied between 300V and 600V, the anode mass flow rate
was either 5.25mg/s or 10.46 mg/s, and the background pressures were between 5 and
14 pTorr-Xe. To isolate the effect of the discharge voltage on 7™, we will only consider
the data at the low flow rate and on the P5-A thruster. This data was obtained with a
constant anode flow rate across the various background pressures and discharge volt-
ages. To analyze this data with the nondimensional framework, we will construct two
plots, one of T as a function of F5 and one of T as a function of F7. The plots used to
select Y and F? are shown in Figs. 4 and 5.
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corresponding to four different discharge powers. The vertical line is at the selected value of F20 = 0.013. Data
adapted from Ref. [1]

Fig.2 Thrustversus Fp =

at different anode flow rates at constant discharge voltage,
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Fig.3 Thrustversus Fg = F5 exp (%1) at different anode flow rates at constant discharge voltage, correspond-

ing to four different discharge powers. The vertical line is at the selected value of Fg = 0.8. Data adapted from

Ref. [1]
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vertical line is at the selected value of F20 = 0.0182. Data adapted from Ref. [2]

The last set of pressure studies we considered were the measurements in Ref. [3],
which were done at various cathode flow fractions, C. Specifically, we will analyze the
data in Ref. [3] that was done with an externally mounted cathode, at a discharge volt-
age of 300V, discharge current of 15 A, and background pressure between 5 and 20
pTorr-Xe. To analyze this data with the nondimensional framework, we will construct
two plots, one of T as a function of F» and one of 7™ as a function of Fy. However, the
discharge current was kept constant in this study, and the anode flow rate at each pres-
sure was not reported. To correct for the change in 712, and 7., we use results in Ref. [4]
conducted on a similar HET and discharge condition and with an externally mounted
cathode. They found a reduction in 7i, with increased background pressure at a rate of
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Fig. 5 Thrust versus F7 = % at different discharge voltages at constant flow rate. The vertical line is at the se-
lected value of F? = 2.5. Data adapted from Ref. [2]
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approximately = MTZLTQ%. We then assume that Ref. [3] operated the H9 at 15 mg/s to

achieve 15 A on xenon. With these assumptions, we can approximately correct 7* and
Fy. The plots used to select FY and F{ are shown in Figs. 6 and 7.

Regarding the uncertainty, for the thrust measurements in Ref. [1], we assumed an
uncertainty of 2.6 mN, for the thrust measurements in Ref. [2], we assumed an uncer-
tainty of =1 mN, and for the thrust measurements in Ref. [3], we assumed an uncertainty
of £2%. Next, to quantify the uncertainty in 7%, we used a simplified approach. Once the
reference value for say FY is selected, the corresponding 7° value is found via interpola-
tion. We assume no uncertainty in the 7° value but then include the above uncertainties
in the thrust values when calculating 7 = % In this manner, our reported uncertainty

in T is a lower bound for the uncertainty.
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Similarity of HET discharges

We can consider the nondimensional discharge to be defined by the discharge condi-
tion (A1, Az, A3, A4, and C), the propellant (P;, P», and Pg), thruster geometry (17, 15,
and C?y), thruster material (73), and magnetic field topology (Ag-Aj2). Even in the case
where non-Maxwellian effects and the induced magnetic field are non-negligible, As,
Ag, and A7 are not necessary to define the discharge. This is because a given set of A4,
As, As, Ay, T, and T is defined by a single set of ﬁ, Va, Bro, T, Len, Wen, Den,s
and the propellant, which also fully defines A5, Ag, and A7. In addition, As is defined by
the nondimensional magnetic field topology, Ag-A;s.

In this section, we will consider which HET operating conditions and designs can be
considered dynamically similar. That is, are there different combinations of 724, V4, Bro,
Tw, Len, Wen, and Dy, that produce the same Ay, Ay, As, Ay, T3, and T? This would
be very useful for the scaling of HETs between discharge conditions and between sizes,
as dynamically similar discharges should have the same efficiencies and nondimensional
plasma properties. In addition, if two thrusters of different sizes are exactly similar,
then the smaller thruster could be tested at lower background pressures than the larger
thruster. So, while exact similarity would be greatly beneficial to HET scaling, it can also
be useful for the study of pressure facility effects. We note that the inclusion of A3 in
developing similarity laws is a novel approach, which allows a similarity-based scaling of
Mg, V4, and B, which previously required an additional constraint like current density.
However, an important caveat is that the similarity laws developed in this section use the

definitions in Table 2, which assume < = “e0 = % =1, such that the presented
20 U0 d

similarity laws could be made more accurate in future work with the combination of 0D
electron model of the HET discharge.

We will first present similarity laws for exact dynamic similarity between different
thruster geometries. We will then develop similarity laws for approximate dynamic simi-
larity of different discharge conditions (-, V4, Bro, and T,) on different thrust-
ers. Lastly, we will develop similarity laws for approximate dynamic similarity between
discharge conditions with different propellants on the same thruster and on different
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thrusters. Each similarity law we present assumes that a certain set of nondimensional
parameters are the only ones that govern HET performance. For alternative HET
designs, new nondimensional parameters may need to be defined and may significantly
impact HET performance, and at significantly different operating conditions, differ-
ent nondimensional parameters may become more or less important. Consequently,
the presented similarity laws likely do not apply across HET designs that require dif-
ferent amounts of nondimensional parameters or across significantly different operating
conditions.

Before proceeding, it is important to clarify the difference between exact similarity and
approximate similarity. The first cause of approximate similarity is that HETs typically do
not control T7,, so we will not consider 7}, a controllable discharge condition. Because
T, is not controllable, in most situations, we will need to pick one of A, Ay, A3, and Ay
to not keep constant. We believe that A4 should be the least significant among the four,
so we define one case of approximate similarity to be when A;, As, and A3 are constant
and A, is not constant. When A, is not held constant, approximate similarity will not
ensure that As, Ag, and A7 are constant.

In addition, because some HETs cool the channel walls [50] and most do not cool the
channel walls, we will keep the scaling relations in terms of T,. In this manner, the pre-
sented relations are valid for all thermal designs of HETs. Furthermore, whenever T
changes, this introduces approximate similarity due to the nonlinearity of ionization
rates of neutrals and of ions. First, as shown in Fig. 8, the nondimensional function of
the ionization rate of neutrals, k},;, depends on the choice of T¢g. As T¢q increases, k7,
at temperatures less than T.o (1) < 1) increases. As a result, even if the axial profile
of T} is the same across different conditions, the axial profiles of k;,; will be different.

The exact effect that this would have on the validity of dynamic similarity is unclear, but

*

*
izl

.1 is nonlinear,

the nonlinearity of k},; has another important consequence; because k

the functional form of T, influences the scaling relations whenever £; ¢ is involved. For

Va

example, if Teo = 72, then the relative increase of k;.o at different voltages will be dif-

ferent compared to if Tog = ‘2/—8. Because a higher fidelity approximation for T, is out

25 l . . .

1.5¢

Nondimensional Ionization Rate

0 0.5 1 1.5 2 25 3
Nondimensional Electron Temperature

Fig. 8 Nondimensional ionization rate of xenon atom, k7, as a function of nondimensional electron tempera-
ture, T for various Teo
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of the scope of this work, whenever k;¢ is involved in the scaling relations, we leave the

*

equations in terms of k;.o. Another important consequence of the nonlinearity of k7, is
that exact dynamic similarity is only possible if the propellant and nondimensional spa-
tial distributions of all dimensional plasma properties are kept constant. Interestingly,
if such exact dynamic similarity is possible, it would also ensure constant erosion rates

across different conditions.

Exact similarity between thruster geometries
To keep a constant nondimensional spatial distribution of dimensional plasma proper-

ties to achieve exact dynamic similarity, 75—
ch ch

It is then not a coincidence that HETs of different sizes tend to have similar ﬁ, Vi,

, Va, Bro, and T, must be kept constant.

and B,(. The question is then, as 7, changes, how should the thruster geometry change
to ensure exact dynamic similarity? From the constraint of Ay, L., must be constant to
achieve dynamic similarity. From the aspect ratio constraints, then W, and D., must
also be constant, such that if 7} and 7% are both considered important, then two differ-
ent HETSs cannot be exactly similar.

However, HETSs can achieve similar scaling (constant A;, As, A3, A4, and T> and con-
stant ﬁ, Va, Bro, and T),,) according to

ma ~ Wch (24)

Dch ~ Wch (25)

if L.y, and nondimensional magnetic field topology are kept constant and if wall effects
are negligible. Equation 24 implies that HETs with negligible wall effects can scale in
size at constant current density and thrust density. What may seem like a caveat to the
scalability of HETs with negligible wall effects is that as they scale up in size, T} = L—L’}
would decrease. On its own, a decreasing 77 would influence the divergence efficiency
through the nondimensional radial electron momentum equation, Eq. 15. However, to
keep a constant nondimensional magnetic field, Ag7}7> must be constant. Therefore,
with a constant T5, AgT} will be constant in Eq. 15. As a more general result, nondimen-
sional radial effects are constant at different 7} if 75 and the nondimensional magnetic
field are constant.

To understand when wall effects become negligible for annular HETs we can consider
the nondimensional fluid equations. In the continuity equations, as A; approaches zero,
any ion that recombines at the wall will immediately be ionized, such that wall recombi-
nation has a negligible effect on the continuity equations. Thus, wall effects should not
affect the mass utilization efficiency as A; approaches zero. However, it should be con-
sidered that as A; approaches zero, n;; should also approach zero, which may reduce the
dominance of neutral ionization in the neutral continuity equation. In addition, in the
electron energy equation, as A; approaches zero, electron energy losses due to ioniza-
tion will be the dominant form of electron energy losses, such that wall losses will have
a negligible effect on the electron energy dynamics. In the case of the energy dynamics,
as n;, goes to zero, the ionization losses from the ionization of ions will be the domi-
nant energy loss mechanism. In terms of the energy efficiency, as A; approaches zero,
inelastic losses should dominate over wall losses, such that wall effects have a negligible
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influence on the energy efficiency. In general, as A; approaches zero, collisional effects

are expected to dominate over wall effects.
AchWenvVa

makiz1,0

In terms of discharge parameters, A; ~ , such that A; approaches zero

Mq

WenDen'*
ligible with increasing current density, we can qualitatively state that as current density

for large

While we are not able to say at what point wall effects become neg-

increases, wall effects should eventually have a decreased effect on the discharge, even
though the heat load on the channel walls increases. This is an interesting finding, as
high current density operation of HETSs has received recent attention [50].

However, at high current densities the induced magnetic field should be non-negli-
gible. Since the induced magnetic field is mostly generated by the Hall current, it can
be approximated as the magnetic field produced by a finite-length solenoid. By chang-
ing 71, we would effectively be changing the aspect ratio of the finite solenoid, which
should change the nondimensional induced magnetic field. Whether these end effects
would have a significant effect on the discharge is unclear, but it may be something to
consider when scaling high current density HETs. Lastly, because of the finite curvature
in the magnetic field, when the shape of nondimensional magnetic field lines is kept con-
stant by keeping AsT1T5 constant, there is an avoidable change in the nondimensional
shape of the lines perpendicular to the magnetic field lines. Once again, while the effect
of this on the discharge is unclear, its effect should be considered when using the scal-
ing suggested by Eq. 24. Nevertheless, if Eq. 24 with constant Lis used to scale HETs
to higher powers, the increase in 77 should reduce wall losses. As a result, lower power
HETs could provide a lower bound for efficiency of higher power HET if Eq. 24 is used
for scaling.

Comparison with empirical scaling
Empirical scaling laws indicate W, ~ D,y [51]. In addition, HETs generally operate in

similar ranges of Vg, Bro, and WTE, —. This results in a scaling similar to Eq. 24, but Ly,

is strongly correlated to Wy, and D,j, in empirical data [51].

These relationships result in A; and Ay decreasing at higher powers while keeping As
constant. So, while the scaling does not produce similar thrusters, it has been suggested
that as long as A; is below 1/3, the thruster should be efficient [16], so a decrease in A;
may be desirable; this is because a lower A; corresponds to a higher mass utilization.
The empirical scaling suggests that a similar criterion may exist for Ay, which is already
much less than 1 in typical operating conditions. Consequently, while empirical HET
scaling may not satisfy similarity, higher powers thrusters should see improved perfor-
mance, which is observed [52]. These points highlight that traditional HET scaling is not
as useful for scaling to low powers.

Approximate similarity between discharge conditions
Regarding whether two discharge conditions on the same thruster (same 73, and 75) can
be dynamically similar, it is immediately clear that if three nondimensional parameters
are important, then if one of 14, V4, or B,, is changed, then we are left with a system of
three equations and two unknowns to determine how the other two parameters should
change in response.

However, if we can change the thruster size while retaining geometric similarity (7}
and T5), then three nondimensional parameters are needed to determine how 1, Vy,
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and B, should change to retain approximate similarity. If we keep A, A2, As, T1, and
T constant, then for a given change in the size of the thruster,

3/2
Thy ~ (LC’L> Tf;/‘* (26)
kiz1,0
T
B’!’O ~ (27)

\V Lchkizl,O
Lch Vv Tw

Vg ~
kiz1,0

(28)
where W,j, ~ D¢y ~ Lep. The scaling relations in Eq. 26 are plotted in Fig. 9, assuming
a Ty, that scales according to the thermal model in the Appendix. At the reference con-
dition for plotting Fig. 9, the thermal model predicts T3, = 692 K when e = 0.3 and
F = 1. Throughout this section, the relative ratio of a parameter is with respect to the
reference condition; for example, if the reference condition has a channel length of L
and another condition has channel length of 2L, then the relative ratio of the channel
length for this other condition is 2. The ionization rates of xenon are calculated using
the cross-sections from Ref. [53] and assuming a Maxwellian electron speed distribu-
tion at an electron temperature of ‘1/—6’ Figure. 9 covers a factor of 100 in discharge power

and shows the magnetic field strength should decrease with thruster size while the volt-

age should increase with thruster size. In addition, Fig. 9 shows that WTB — decreases

as thruster size increases, suggesting that larger thrusters should operate at lower
current densities. The higher current density and significantly higher magnetic field
strengths required for similarity on smaller thrusters may introduce some practical chal-
lenges in implementing the scaling relations of Eq. 26. However, the possibility of scal-
ing to smaller thrusters is notable, even if its implementation is not straightforward. In
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Fig. 9 Relative ratio in discharge parameters required for constant A1, Az, As, T, and T» as a function of chan-
nel length. Reference condition is xenon at 300V, = 10_3%, Lep =30 mm, W, = 30 mm,
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D.;, =100,and oggg = 0.5
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addition, for a tenfold increase in jet power (~ ﬁiﬂ“—vd), the relative ratio in thrust density
P

(~ (thzi%])ﬂ / X—d) from Eq. 26 is 0.35. Lastly, at the significantly increased current
c ch P

density for scaling to smaller thrusters suggested by Fig. 9, A7 may become non-negligi-
ble, which would invalidate the similarity law given by Eq. 26.

Approximate similarity between propellants
Regarding the dynamic similarity of HET discharges of different propellants, we expect
exact dynamic similarity to be impossible because of the importance that P, is expected
to have on anomalous transport and because of the nonlinearity of the ionization rates.
It is also impossible to keep both A; and A; P> constant, so a change in P, will influence
the electron energy dynamics. As such, it may prove that different propellants have dif-
ferent optimal values of A;, Ag, and A3 or even of thruster aspect ratios. However, it
may still be useful to analyze the scaling relations suggested by nondimensionalization.
For similarity between propellants on the same thruster, three nondimensional param-
eters need to be used to define how 1, Vg4, and B, should be changed with propel-
lant, while for similarity between propellants on two geometrically similar thrusters,
four nondimensional parameters (or three and one additional constraint) are needed to
determine how 1, V4, Bro, and L., should change.

For different propellants, HET discharges on the same thruster are approximately sim-
ilar (constant Ay, Ao, and A3) if

T3/4
Tha ~ — 7577 (29)
3/2 _1/4
kiz/l,OmP/
1/4
T,
v () "
k?zmmp
1/2
T,
Vi <> (31)
kz‘221.omp

Table 6 shows the scaling relations of Eq. 29 applied to krypton and argon assuming a 7T,

that scales according to the thermal model in the Appendix, with being an approxi-

mation for the relative increase in discharge current. In Table 6, the reference condition
has a thruster wall temperature of 692 K. The ionization rates for krypton and argon
were calculated with the cross-sections form Ref. [53]. Table 6 suggests that lighter noble
gas propellants should be operated at a higher current density, discharge voltage, and
magnetic field strength to achieve similar discharge conditions as heavier noble gas pro-

pellants. In addition, in terms of thrust (g4 / XT‘;) when using Eq. 29, krypton would

have a relative ratio of 2.40 and argon would have a relative ratio of 8.22. Experiments
typically observe that lighter propellants achieve less thrust, but it is important to note

Table 6 Relative ratio in discharge parameters required for constant A1, Aa, As, Th, and 15 for

different propellants on the same thruster. Reference condition is the same as in Fig. 9.

Propellant Va Bio g Ty
m..

Kr 1.55 124 242 137

Ar 2.87 1.69 8.81 2.19
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that these experiments do not conserve nondimensional parameters when the HET
operates with different propellants. The lower ionization rate and higher T, for lighter
propellants requires a significant increase in mass flow rate to maintain a constant A,
which results in an increased thrust for lighter propellants.

While similar operation between molecular and atomic propellants is unlikely because
of the possibility of dissociation, the scaling relations suggested by Eq. 29 may still be
useful for molecular propellants. Also, this analysis does not account for the possible
effects of non-negligible ion magnetization on lighter propellants, but it may become
important to consider as Eq. 29 suggests a stronger magnetic field for lighter propel-

lants. For example, one way to account for ion magnetization is to keep A, \’/4—13%, and As

constant between propellants since \j% corresponds to the degree of ion magnetization.

In addition, A7 may become non-negligible for lighter propellants because of the higher
current densities required for similarity. Lastly, the high T, for lighter propellants indi-
cates that thermal management techniques are necessary to apply the similarity law of
Eq. 29 to lighter propellants.

Another useful consideration is how to scale the HET size to achieve approximately
similar operation on different propellants at the same current density; this will require
adding another constraint in addition to three nondimensional parameters. We choose
to also keep A4 constant due to its presence in the nondimensional fluid equations. The
resultant scaling to keep A1, Az, Az, A4, T1, and 15 constant is

e ~ /mpT32, (32)
1
By~ ——
0 kizl,O mp (33)
Vi~ Ty (34)

Lch ~ kizLO \/ mpTw (35)

and D.p ~ Wep ~ L¢p. Table 7 presents the scaling relations in Eq. 32 for krypton
and argon assuming a T, that scales according to the thermal model in the Appendix.
This scaling indicates that even after redesigning a HET for different propellants, the
discharge voltage, magnetic field strength, current density, and wall temperature all
increase for lighter noble gas propellants. Regarding thrust density, krypton has a rela-
tive ratio of 2.75, and argon has a relative ratio of 10.19.

Compared to the scaling for propellants on the same thruster, for a redesigned
thruster on lighter propellants, the change in discharge voltage decreases, the change in
magnetic field strength increases, the current density increases, and the wall tempera-
ture increases. As with the results of Tables 6 and 7 also indicates that thermal manage-
ment techniques are necessary to apply Eq. 32 to lighter propellants. In addition, while
the increased magnetic field on smaller HETs may be difficult to implement, the higher

Table 7 Relative ratio in discharge parameters and channel length required for constant A1, As,
As, A4, Th, and Tx for different propellants. Reference condition is same as in Fig. 9

Propellant Va B.o % Ty L.y,
Kr 1.40 1.40 291 140 0.85
Ar 224 213 1235 2.24 0.70
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voltages on the same thruster required for lighter propellants may pose its own practi-
cal challenges. As a result, it is not immediately obvious whether it is more practical to
redesign a HET for different propellants or to simply operate different propellants on
the same thruster at conditions that satisfy Eq. 31. Lastly, we reiterate the caveat that the
conclusions from Eqs. 31 and 32 assume that the optimal set of values for the nondimen-

sional parameters is the same across different propellants.

Nondimensional analysis of existing pressure studies

In this section, we present our nondimensionalization of the results of existing pressure
studies [1-3]. We will find that certain nondimensional pressure parameters provide a
better description of the normalized data. By construction, in all the plots presented in
this section, the different curves of T overlap with 7" = 1 at the reference value of the
nondimensional pressure parameter; this is not at indication of universality, and instead,
the different curves should be compared at values away from the reference values of the
nondimensional parameters.

In Figs. 10 and 11, the various curves of 7% diverge at values T > 1, but when 7™
is plotted against Fg in Fig. 11, the curves align to within measurement uncertainty at
values T < 1. On the other hand, when T™* is plotted against F5 in Fig. 10, the values of
T* for 4.5kW, diverge outside the uncertainty bounds for 7% < 1. In addition, because
of the constant discharge voltage and cathode flow fraction among the discharge condi-
tions in Figs. 10 and 11, F; is proportional to F}, Fr, and Fy. Because Fs makes the dif-
ferent curves of 7™ align more closely at low pressures, we can conclude that Fy is more
closely related to the dependence of T on the anode flow rate than Fy, Fs, F7, and Fy.
As aresult, Fs may be useful to reduce the dimensionality of pressure facility effects.

The relevance of Fy can be explained by the fact that Fg accounts for greater mass uti-
lization at higher flow rates. At a fixed effective pumping speed of the facility, this would
increase the ratio of background neutral density to neutral density near the channel exit.
Meanwhile, at a fixed effective pumping of the facility Fi, F», F7, and Fy are constant
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kpTatmma

flow rates at constant discharge voltage, corresponding to four different discharge powers. Background pressures
vary from 1 to 14 uTorr-Xe. For readability, certain error bars are omitted. Data adapted from Ref. [1]
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Fig. 11 Normalized thrust versus Fg = F3 exp (%1) evaluated at Fg = 0.8 for different anode flow rates at

constant gischarge voltage, corresponding to four different discharge powers. Background pressures vary from 1
to 14 uTorr-Xe. For readability, certain error bars are omitted. Data adapted from Ref. [1]

for a change in anode flow rate, so it is not surprising that these parameters do not accu-
rately capture the effect of anode flow rate on 7.

However, although the divergence at 7% > 1 is within the measurement uncertainty,
Fig. 11 seems to indicate that F does not completely describe T for large values of Fg.
One possible reason for this is that, at the highest pressures in Ref. [1], F53 =~ 0.025, indi-
cating that at high background pressures, charge exchange collisions with background
neutrals can prevent a few percent of ions from being fully accelerated. Because Fy
should eventually become important at high pressures and F§ is important at low pres-
sures, the dimensionality of pressure facility effects increases at high background pres-
sures. Additionally, while the ranges of F values between the different discharge powers
are comparable in Fig. 10, Fig. 11 has a reduced range of Fg values for the lower dis-
charge powers. To more thoroughly study the divergence of at T* (Fs) > 1, future pres-
sure studies done at various anode flow rates should accordingly increase the maximum
background pressure for the lower anode flow rate cases.

Figure 12 shows that all the curves at different voltages align within measurement
uncertainty, except for at 500V at the lowest pressure. This indicates that F7 is closely
related to the dependence of 7™ on the discharge voltage. However, because F7 is pro-

portional to F4, the physical explanation for the importance of F; is ambiguous. F7 may

seem important because it captures the increase of ‘22 with discharge voltage or due to

an ingested neutral flux that is dominated by neutrals with a bulk velocity equal to the
ion exhaust velocity. We can at least conclude that F; may also be useful to reduce the
dimensionality of pressure facility effects.

In addition, in Fig. 13, F5 does not capture the change in 7™ at different voltages. At
the constant cathode flow fraction between the different discharge voltages in Fig. 13,
F3 is proportional to Fi, Fg, and Fy. These nondimensional pressure parameters do not
have a strong dependence on discharge voltage, so it is expected that they are not able to
capture the dependence of 7™ on the discharge voltage.
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Next, due to measurement uncertainty, we cannot confidently conclude from Figs. 14
and 15, whether F5 or Fy is more important to capture the effect of the cathode flow
fraction on T*. Fy is the only nondimensional pressure parameter that we have defined
that depends on the cathode flow fraction, so we would expect that it is able to more
accurately capture the effect of the cathode flow fraction on T™. The fact that the vari-
ous curves of T are all within measurement uncertainty indicates that the cathode flow
fraction does not strongly affect 7, at least within the ranges of cathode flow fractions
considered in Ref. [3].

This conclusion is in contrast to the conclusions in Ref. [3], which suggested that an
increased cathode flow fraction reduced pressure facility effects. This contrast can be
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explained through the Fy parameter. With a constant range of background pressures
considered, as the cathode flow fraction increases, the range of Fy considered decreases.
Thus, conditions with a higher cathode flow fraction traverse a smaller part of the
T*(Fy) curve and should correspondingly see a smaller drop in thrust for a given change
in background pressure. This effect is seen in Fig. 15. However, this effect also limits
the conclusions that we can make about the universality of 7*(Fy) when T* > 1, since
the curve for the highest cathode flow fraction in Fig. 15 only has one point for which
T* > 1. To study the universality of T*(Fy), future pressure studies should accordingly
increase the maximum background pressure for the high cathode flow fraction cases.
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Discussion

The cathode flow fraction example highlights the importance of viewing facility effects
from a nondimensional perspective. While it may seem that a certain parameter reduces
facility effects, it may just change the location of the experimental condition on the plot
of T, such that the same trends would be seen when comparing thrust values in a VTF
to that in space. However, if T* depends on the discharge condition, then the discharge
condition or thruster design could be manipulated to reduce facility effects.

Having presented a preliminary implementation of a nondimensional analysis of exist-
ing pressure studies, we believe that higher fidelity models of pressure facility effects
should be combined with the nondimensional framework presented here and with newly
designed experiments. Even if such models do not account for charge-exchange effects
or electron transport effects, we believe that, at sufficiently low pressures, nondimen-
sional models for ingestion and cathode coupling should include all the nondimensional
parameters of which 7 is a function.

Once such nondimensional parameters are defined, future experiments can be spe-
cially designed to take advantage of the nondimensional framework. The main consider-
ations for future experiments should be the challenges outlined in section “Challenges in
implementation® First, to be able to compare multi-dimensional plots of T* across mul-
tiple discharge conditions, the discharge conditions and pressure range must be carefully
chosen such that all the discharge conditions share a common set of the relevant nondi-
mensional parameters. Second, for each discharge condition, the mass flow rates should
be kept constant with the different background pressures. Third, a temperature that
is representative of T, should be measured to distinguish between F; and F». Lastly,
experiments should be performed to determine whether the mechanism with which the
background pressure is increased changes the ratio of the ingested flux to the thermal
flux. Furthermore, we note that this nondimensional framework can be easily extended
to analyze the pressure dependence of the discharge current and thruster lifetime.

In addition, there is a clear need to access the lower parts of the T* curve. However,
doing so is not necessarily a matter of operating at lower background pressures. i—‘j is
inversely proportional to the effective facility pumping speed, so lower flow rates should
not inherently result in smaller nondimensional pressure parameters that are relevant
to T™. Facilities with higher pumping speeds are clearly one solution to reaching lower
parts of the T* curve. However, as shown in Figs. 11, 12, and 15, lower anode flow rates,
voltages, and cathode flow fractions could also be used to reach lower parts of the 7™
curve.

Lastly, regarding the testing of high-power HETs, it is typically considered that newer
facilities with higher pumping speeds are needed to flight-qualify them. High pumping
speeds will allow operating at lower values of Z—B and of background pressures, corre-
sponding to lower values of Fy, F5, F3, and Fg, which is clearly beneficial. However, in
current state-of-the-art vacuum chambers, F; and F5 should not change much with dis-
charge power, as they are proportional to 7};—3 So, if the current vacuum chambers are
adequate for flight qualification of medium-power HETs, they should be able to achieve
adequate values of F'; and F5 for high-power HETs. The challenge for testing high-power
HETs in current facilities must then be due to high values of F3, Fg, and Fy, which are
proportional to P and not to 7%31. In fact, at sufficiently high background pressures, a

HET may no longer run in its nominal mode due to high values of F3, Fg, and Fy.



Lopez-Uricoechea et al. Journal of Electric Propulsion (2025) 4:71 Page 35 of 38

However, a medium-power HET that is exactly similar to a high-power HET would
operate at lower background pressures than the corresponding high-power HET. There-
fore, operating a medium-power HET in current vacuum chambers would be exactly
similar to a high-power HET operating at values of Fy, F», F3, Fg, and Fi( that are ade-
quate for flight qualification. If a high-power HET is designed to be exactly similar to
a medium-power HET that is already flight qualified, then the extensive tests that are
required for flight qualification of a new design may not be necessary. Instead, it could
just go through acceptance testing that is required for new thruster units of the same
design.

Therefore, the required pumping speed of new facilities for the purpose of test-
ing high-power HET should be based on the requirements of acceptance testing. Such
a requirement should be based on the ability during high-power operation to achieve
background pressures low enough such that F3, Fg, and Fjo have a negligible contribu-
tion to 7™ (and normalized discharge current too). This is because even if two thrusters
are exactly similar but operate at different flow rates, their corresponding T* functions
can only be the same in regions where F3, Fy, and Fyg are negligible. This is since F3, Fyg,
and Fg are proportional Pgp, while F; and F are proportional to %. So, at different
flow rates, F}, Fs, F3, Fg, and Fi( cannot all be equal. As a result, experiments should be
conducted to identify at which pressure F3, F3, and Fio become negligible, as this pres-
sure would define the required pumping speed for an acceptance test for a thruster at a
given flow rate.

For the acceptance test, the medium-power HET would also need to be tested in the
high-pumping speed facility, such that the medium-power HET is characterized with the
same pumping speed as the high-power HET. Then, the high-power HET can be tested
at the same values of F) as the medium-power HET, such that both thrusters were oper-
ated at the same point on the 7™ function, since T* is defined by F; when F3, Fg, and
Fyp are negligible and when the two thrusters are exactly similar. So, if the high-power
HET is correctly manufactured and the above conditions are met, then its thrust should
compare to the thrust of the medium-power HET according to the scaling law.

Conclusion

The nondimensional framework has been used to propose new paths for improving
our understanding of HET scaling and of pressure facility effects. The presented HET
similarity seems to be most useful for extending HET performance to different propel-
lants and possibly to lower powers. We have also found that the only way for an exact
similarity law to exist is if wall effects are negligible and that at a sufficiently high cur-
rent density, wall effects should become negligible for annular HETSs of a given channel
aspect ratio. Regarding facility effects, we have presented a nondimensional framework
to analyze pressure studies and have found that the framework can be used to reduce the
dimensionality of pressure facility effects at different discharge conditions.

In terms of future work on HET scaling, there are a few possible directions. First, our
generalized similarity laws can be combined with better models for how the electron
temperature, electron density, and axial electron drift velocity change with discharge
condition to increase the accuracy of how Vy, By, and 72, should change with discharge
condition and how L.;, should change with propellant. Second, experiments should be
carried out to test the presented similarity laws; the most straightforward one to test is
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the similarity laws between different propellants on the same thruster, as this does not
require designing a new HET. Third, two HETs should be designed based on the similar-
ity of Eq. 24 to determine what current density is required to achieve similarity between
the thrusters. Fourth, existing HET efficiency data can be analyzed with a nondimen-
sional framework to try to find the minimum set of nondimensional parameters that
describe efficiency trends over a wide range of conditions; identifying the nondimen-
sional parameters most relevant to HET performance could result in alternative simi-
larity laws. Lastly, we believe that efforts should be made to increase the efficiency and
lifetime of wall-less HETS, as they would be able to achieve exact similarity at any power
level while maintaining constant thrust density and current density.

Development of efficient HET designs that can be scaled with exact similarity should
reduce the pumping speed requirements for qualification of high-power HETs. Once
such an efficient design is developed, experiments can be designed to establish the
criterion for the background pressure at which the pressure facility effects are similar
between a medium-power and high-power HET. Before such an efficient design is devel-
oped, the nondimensional framework can still be leveraged to experimentally determine
a nondimensional correction for thrust as a function of pressure that should be applica-
ble to a wide variety of discharge conditions. As a result, the nondimensional framework
can be of use for scaling and facility effect work in the near future and should continue
to be of use when HETSs at new power levels are developed.

Appendix

The thermal model described below is adapted from Ref. [54]. The characteristic thruster
wall temperature is obtained from the power balance of the characteristic power depos-
ited into the channel wall, P, and into the anode, P, from the plasma against the
characteristic net power radiated from the thruster, Q,¢,

Puo + Pao = Qnet (A1)
where

Qnet = 0sBERARF (T — Taty) (A2)

Pyo = eAyTiwo <2Tew,0 + % ew,0 + q)s) (A3)

Poo = 2Teq,0la,0 (A4)

@, is the potential drop across the sheath at the channel wall, %Tew,o is the presheath ion
energy, 1., oisthecharacteristicelectrontemperatureattheanode,and; pisthecharacteris-

eri

m
,lepa’(DS - e’w,o ln <(1 - O-SEE) ﬁ),

and Ap =7 (Lch (Wen + Den) + % (Wep, + Dch)2> along with the previous definitions

ticdischargecurrent.UsingT,, o = %Jd,o =

for characteristic plasma properties, we find that

Vari, 1 1 T, 5 1
Th =T + — . <—+ [7+1n (TM/—)D
" myosperk o (Lc]z (Wen + Den) + 3 (Wer, + D(:h)z) 50 m20V5 |2 by (A5)

For all applications of this model, we will assume > 0.3 and F> 1.
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